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Abstract 

We consider the form of the path integral that follows from canonical quantization and 
apply it to the first order form of the Einstein-Hilbert action in d > 2 dimensions. We show 
that this is inequivalent to what is obtained from applying the Faddeev-Popov (FP) procedure 
directly. Due to the presence of tertiary first class constraints, the measure of the path integral 
is found to have a substantially different structure from what arises in the FP approach. In 
addition, the presence of second class constraints leads to non-trivial ghosts, which cannot be 
absorbed into the normalization of the path integral. The measure of the path integral lacks 
manifest covariance. 

Keywords: Palatini action; path intgeral 



1 Introduction 

When quantizing the Yang-Mills model of non-Abelian vector gauge Bosons, the Faddeev-Popov 
(FP) procedure [1] provides a way of maintaining manifest Lorentz covariance. However, this 
approach to quantization is not obviously equivalent to canonical quantizations. It is only by 
showing that the path integral which follows from canonical quantization is in fact the same as the 
one that follows from the FP approach can this equivalence be established [2, 3]. 

When confronted with the problem of using the path integral to quantize the first order Einstein- 
Hilbert (lEH) action (often credited to Palatini [4], but in fact due to Einstein [5]), it is tempting 
to simply use the FP procedure. The demonstration in ref. [6] that the two path integrals are 
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equivalent relies on a canonical analysis of the lEH action that does not involve tertiary constraints- 
though such constraints are necessary if one is to generate the diffeomorphism transformations that 
involve second derivatives. An analysis of the canonical structure of the lEH action that reveals 
the presence of these tertiary first class constraints (as well as second class constraints) appears in 
refs. [7, 8]. 

The lEH is of particular interest, as the interaction term in the action is just cubic in the 
independent fields (the metric g^i, and the affine connection F^^). In contrast, when using the 
second order Einstein-Hilbert (2EH) action, the interactions are an infinite series in g^iy [9, 10]; this 
considerably complicates the Feynman rules [6, 11]. (A simplification of the Feynman rules also 
occurs when using the first order form of the action for Yang- Mills theory [12].) 

We shall employ the form of the path integral that follows from the canonical quantization 
procedure [13], but treat the constraints that arise in the lEH action in a non-standard way. The 
usual way of handling first class constraints appears in ref. [2]; this approach is adapted to deal 
with second class constraints in refs. [14, 15]. 

In this paper, the "second class" constraints must first be treated in an unusual way, as the "first 
class" constraints are only determined by considering a "reduced" action derived by using these 
second class constraints to eliminate fields from the lEH action. The lEH action can be recovered 
from this reduced action within the path integral formalism provided a functional determinant 
contributes to the measure of the path integral which is distinct from the usual function determinant 
arising from second class constraints [14, 15]. 

For the first class constraints, we employ a technique that is adapted to the path integral in 
phase space from the FP approach to the path integral in configuration space for models possessing 
a gauge invariance [16]. That is, we integrate over "gauge orbits" that are generated by the first 
class constraints in the theory. This approach allows us to employ a gauge fixing that is covariant. 
The original approach in ref. [2] to quantize models containing first class constraints through use 
of the path integral requires an extension [17] in order to deal with covariant gauge fixing when 
working in phase space. 

In the following section we review the canonical structure of this action and in the third section, 
we describe how to quantize the lEH action using the path integral. In Appendix A, we give a 
general discussion of the path integral for constrained systems. 

2 The Canonical Structure of the First Order Einstein- 
Hilbert Action 

The canonical structure of the lEH action has been analyzed in refs. [7, 8] following the Dirac 
constraint procedure [18]. In this section, we review the approach detailed in ref. [7] for obtaining 



this canonical structure. 

The Lagrangian in d dimensions is 



(1) 



where h^'^ and G^^ are related to the metric g^^^ and the afhne connection F^^^ through 

h'''' = V^g"" (det /i'^'' = -i-g)''^'^^^) (2) 

= rj. - ^ {SXu + S'uK,) ■ (3) 
The infinitesimal form of the diffeomorphism invariance present in jCa is 

Shf"" = h^^dxe" + N'^dxe'' - dx{h'"'e^) (4) 

(5) 



SGi, = -d%o^ + \ (^i^. + 8%) d-e-e-dG 



The Lagrangian is now expressed in terms of variables that simplifies the canonical analysis. We 
initially take 



and 



/^i /^i ti 9/^^ 



We then set 



t: = U + ^{W^ + h'h^) 



) h 
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(6,7,8) 

(9,10,11) 

;i2,13,14) 
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(16) 

(17) 
(18) 
(19) 



which leads to 



(20) 
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+C, ( h^, - -hm, - w^ii,^ ] - -c,c 



h^—j 

4 ^j^i 



h 



where 



and 



(21) 



(22) 



From this form of C^i we see that the canonical momenta conjugate to 11, Ilj and liij all vanish 
while the canonical momenta conjugate to /i, K' and H''^ are IT, Hj and Tlij respectively. These 
momenta constitute d{d — 1) primary second class constraints on these variables. The momenta 
conjugate to ^, t, and ^j^^. also vanish; these are the primary constraints 



respectively. (We note that since (I — 0, we take 



{Vj{r,t), IPl{f',t)} = lysis', - j^S}Si^ S'-\r- r').) 



(23a - d) 



(24) 



As the form of is Piq^ — He, one can immediately read off the canonical Hamiltonian Tic from 
eq. (20). We find that the constraints IP^ — IP — lead to the secondary constraints 



while iPj = rf = lead to 



ijk — ^^'^ "^"^ 



where 



1 

-,i - 2' 



(25a, b) 

(26) 
(27) 

(28) 



+^ (/iiii-fcp + h^H^P) (29) 



and 
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Eqs. (23c,d) and (26,27) obviously constitute a set of d{(f — 3) second class constraints. The 
secondary constraints of eqs. (25a,b) do not have vanishing PB with those of eqs. (26,27). However, 
this does not mean that all these constraints are second class. We take the constraints of eqs. (23c, d) 
and (26,27) to be second class and use them to eliminate the fields and from Tic- (The Dirac 
Brackets that replace the Poisson Brackets are identical to the Poisson Brackets for the variables 
that are left after this replacement [7].) The resulting expression for He is 

r-H%- \hJH,,H^^ - \W^H^^,H^- (32) 
1 



where 



■-^^^—^w^HkeH'^^HmnH^"' + w^H^^ (nj^iife^ - nj^n^-^) 



and 



n = -2(-H""*"'n^i),n + H^"'^mn,i + {H"^"'^mn) ,i- (33) 

(Eqs. (32,33) correct misprints in eqs. (46, 47) of ref. [7].) 

With the Hamiltonian of eq. (31), we find that {lPi,]P), (xi,x) and (Ti,r) are all first class 
constraints of the first, second and third generation respectively; the only non vanishing Poisson 
Brackets for these constraints are 

{Xi, X} = Xi (34) 



{n{x),T,m = {-nim + ^'"'(^ - y) (35) 

{r(f), r(y)} = {dfW^iyjrM - d]W^{x)n{x)) 5'-\x - y) (36) 

and 

{n{x),r{y)} = [-&^r{y) + d^T{x))8''-\x-y). (37) 

From these first class constraints, the generator of the gauge transformations that leave the 

action in phase space invariant, either by using the approach of HTZ [20, 21] or C [22, 23]. In the 
HTZ approach, the form of the generator G for a transformation 5$ = {$, G} is 



G 



j <f-'x[X^^K] (38) 



where 0o . is the set of first class constraints of the i*^ generation [i — 1 . . .N). This generator 
satisfies equation [20] 



I' 



(f-^x 



DA"* 



(39) 



where D/Dt denotes a derivative with respect to time exclusive of dependence through the dynam- 
ical fields. For the lEH action we have 

G = j d'^-'x [aP + a'Fi + bx + b\i + ct + dn] . (40) 

Taking c and d to be exclusively functions of t, then eq. (39) is satisfied at order r and Tj respectively 
provided 

b ieh)i ch\ (ch)ih' 

and 

These equations fix b and 6* in terms of c and c*. In principle, the coefficients of x ^-^d in eq. 
(39) determine a and a* while the coefficients of IP and iPj fix 5f/"'. However, as "He in cq. (31) is 
quadratic in x ^-nd Xi-, ^-nd a* are not fixed uniquely by this procedure. However, to compute 6h, 
6h' and 6H^^ it is adequate to have b and 6* in terms of c and d. We find that 

5h = {/i, G} = j /i, f (f~^x{bx) \ = -/i^c - {hc),jy + c/i /i^,. - {hd),j (43) 



= {/i, G} = y" d'^-^x(&x)| = -/i^co - (/ic)j/i^' + chh]^ - {hd), 
m = {h\ G] = ^h\ j (f-^x{b>Xj)^ = hdo - h'hco + h'ch 



(44) 



h ' h 



and 



(45) 



(Eqs. (43, 45) correct mistakes in eqs. (85, 87) of ref. [7].) Eqs. (43, 44) are consistent with eq. 
(4) provided 9 = —he and 6"^ = d — h^c. However, for eq. (45) to be consistent with eq. (4) with 
these relationships between {9, 6**) and (c, d) we must ehminate Ukt in eq. (45) using the equations 
of motion 
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d 



•d-l 



X 



(46) 



h 



kl 



+ 



H 



ik 



and 



- [ W^ — 

h 



X = Xi = 0. 



(47) 



Upon applying these on-shell conditions, we find (just as in ref. [28]) that eq. (51) is consistent 
with eq. (4). We have not pursued the question of how ^G^^ = {C^,^, C} is related to eq. (5). 

The method C [22, 23] can also be used to find the generator of the gauge transformation in 
phase space associated with the lEH action, as was considered in ref. [8]. In this approach, 



(48) 



with Ga determined by the chain 

G2 ~ primary (49) 
Gi + {G2, Ht} ~ primary 
Go + {Gi, Ht} ^ primary 
{Gq, Ht} ~ primary. 

One begins with either G2 — P or G2 — Pi and then in both cases, finds the resulting expressions 
for Gi and Go from eq. (49). This however, is not a unique process as T-Lc in eq. (31) is quadratic 
in X ^nd Xi- Furthermore, as was pointed out in ref. [22], the gauge transformation generated by 
this G is equivalent to a diffeomorphism (eqs. (4,5)) only on shell. 



3 The Path Integral in Phase Space for the First Order 
Einstein-Hilbert Action 



In this section we will show how the action of eq. (1) can be quantized using the path integral 
whose general form is given by eq. (A. 21). The action for which we have the gauge invariance in 
phase space given by eqs. (43-45) is associated with the Hamiltonian of eq. (31). However, this 
Hamiltonian is found by eliminating the fields Cj and from the original Hamiltonian implied by 
eq. (20) using eqs. (26, 27). As discussed after eq. (30), we can classify the constraints of eqs. 
(23a, 23b, 25a, 25b, 32, 33) as being first class only after (^*, have been eliminated using eqs. 
(26, 27). Consequently it is appropriate to use the path integral of eq. (A. 9) to quantize our action 
only if "ify" is identified with the total Hamiltonian associated with the Hamiltonian of eq. (31). 
Eqs. (26, 27) arise from those parts of the Lagrangian of eq. (20) of the form 



Qa/a - ^QaMabQb; 



so that with 



Qa = M^^/b 

these terms become contributions to the Hamiltonian of eq. (31) of the form 



(50) 



(51) 



Upon using the equation 



- ^fAMXhfB. 



(52) 



MabQb 



(53) 



it is apparent that and ^-j^ can be restored into the action and that we can use eq. (20) provided 
the contributions of (det MabY^"^ coming from eqs. (26, 27) are included in the measure of the path 
integral. These determinants are 



Di{h) = det 



h i 5^5i 



1 



d-1 



(54) 



(coming from — |C^Ci i^i cq. (20)) and 



D2{H'^/h) = det 



- {5i5TH^'' + 5^51" + 5151 H^"^ + 5^5"} W"") (55) 

h \ d 1 



{5i5'pH^'' + 5^^5'^W'' + 5i5'lH^'^ + 5^5^ W"") 



(coming from ^ {^^H^fj - ^Ukj) in eq. (20)). 



Having the gauge invariances of eqs. (43-45) requires introduction of a factor of the form of 
eq. (A. 10) into the path integral to remove the divergence arising from the "overcounting" of 
gauge-equivalent field configurations. The gauge fixing term 

r = d^h^"" (56) 

is commonly used; it becomes using eqs. (6-8) 

iIj^ = h + dih' (57) 

i^'-h^+ ( I ) ■ (58) 
The results of eqs. (43-45) show that 

{^^G} = {-h^co - ihc)jh^ + chy. - ihc^),j)^^ (59) 
+ (/icjo - h'hco + h'ch^j - ^h'{hc>)j - {ch)jh'^ 



and 



f b 

+ ci^y - c>h]^ + ^ciK%^,) Q (60) 

ft ft 

hi 1 
+ ^(/icjo - h'hcQ + h'ch\ - -h\h(^)^k - {ch),kh''' 

ft ft 

ffij _|_ hihj 

^ {-h\o - {hc),,h^ + chh\ - {he'),,) . . 

The functional integral over //q^ in eq. (A. 10) (identifying /lai^ with c and c*^) gives rise to the 
determinant A, since 

' d'^xSiAx + b)^ {\det A\)-\ (61) 



As 



detA = y"(i"7(i"7exp(7'^A7) (62) 

using Grassmann fields 7, 7, we see that the contribution of eq. (59) to A can be exponentiated to 
give 



A(i) = J DtD^' exp ^ I rfxj - 7°o [-h'l'o - {hl')jh^ + I'h h^^ - (/if ),,] 



(63) 



7° 



1 

with A(2), coming from eq. (60), being exponentiated in exactly the same manner; we have A = 
/\ (1)^(2) pj[ together then, the path integral of eq. (A. 14) becomes 

< out|in >^ J Dh DK DW^ DXl DXli DXlij DiotjDCjk 

{D^{h)D2{H'^)y''' A e-K^i j d''x{cd-^{d^h^''f^ (64) 

with Cd being given by cq. (20). 

One can now revert back to the variables h^^ , G^^ in place of these that appear in eq. (64) as 
these two sets of variables are canonically equivalent. This results in Cd being expressed in the form 
of eq. (1) rather than eq. (20). The determinants Di, D2, A*^^^ and A*^^^ are similarly expressed in 
terms of /i^'', G^^. 

We note that since Cd (both in cq. (20) and eq. (1)) is already in "Hamiltonian form" (viz of 
the form pq — H) it is not necessary to employ the technique outlined in eqs. (A. 14-22) to eliminate 
the path integral over momenta and obtain the configuration space form of the path integral. 



4 Discussion 

By having started with the canonical structure of the lEH action [7, 8] , found by using the Dirac 
constraint formalism [18], we have been able to quantize this model using the quantum mechanical 
path integral. The result is different from what is obtained using the FP approach [6]. This is 
because of the presence of the determinants Di, D2 and A in eq. (64). Both Di and D2 arise 
because of "second class" constraints in the theory, though they are second class only in the sense 
that the first class constraints arc so classified only after these second class constraints have been 
used to remove the fields ^jf^ and from the action; Di and D2 arise when restoring these variables. 
The determinant A arises through breaking of the gauge invariance present in the phase space form 



of the total action by virtue of the 3d first class constraints present in the theory. It is distinct from 
the usual FP determinant. 

Although the Lagrangian Cd is manifestly covariant, neither these determinants nor the gauge 
choice dfj_h^^ have this property. The determinants Di and D2 are not covariant, as their form 
arises upon a particular choice of a "time" coordinate; this is an inevitable feature of any canonical 
analysis. The determinant A is not covariant as the generator G docs not generate an infinitesimal 
diffeomorphism transformation in h^'^ , but rather a transformation that becomes a diffeomorphism 
only if the gauge functions have a non-covariant field dependence and the equations of motion are 
satisfied (see the discussion following eq. (45)). The gauge fixing term in eq. (64), {d^h^^Y, is not 
covariant, but the choice of gauge fixing if) in eq. (A. 10) should be arbitrary. 

It is not clear if Green's functions computed using eq. (A. 10) would be manifestly covariant. For 
Yang-Mills theory [16], quantization in phase space leads the same generating functional as is found 
by employing the FP approach, as in the Yang-Mills model there are no second class constraints and 
the first class constraints generate the usual Yang- Mills gauge transformations without requiring 
field dependent gauge functions. The same is also true for the free spin two field and the lEH action 
in two dimensions [16], though the same is not true for a model containing an anti-symmetric tensor 
field with a pseudo scalar mass term which is coupled to gauge field [19]. 

One generally uses the FP approach in conjunction with the configuration space form of the ac- 
tion in order to quantize a gauge theory in a manner consistent with manifest covariance. Although 
this approach leads to a path integral that is consistent with the path integral that follows from 
canonical quantization for Yang-Mills theory [2, 3], it is not necessarily true for any gauge theory. 
The argument for the equivalence of these two forms of the path integral for the lEH action that 
appears in ref. [6] relies on a canonical analysis of this action that is inconsistent with the analysis 
of appendix 

Using the generating functional of eq. (64) to find a propagator associated with these terms in 
the action which arc bilinear in the fields is not feasible, as is discussed in refs. [6, 16]. Only by 
expanding h^'' about a fiat background so that 

can a suitable propagator be found with the gauge choice dfji'^^ — 0. The expansion of eq. (65) 
can be done in the generating functional of eq. (64) directly. However, it may be more appropriate 
to do this expansion in the action of eq. (1) and then performing the canonical analysis of the 
resulting action. This latter course of action is non-trivial, but is currently being considered. 
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Appendix A 

The Path Integral for Constrained Systems 

If a system has degrees of freedom {qi{t),p''{t)) {i — l...n) in phase space, and there are no 
constraints, then the equation of motion for a dynamical variable A{qi{t) , p'' {t)) is given by 

^ = {AH.) (Al) 

where H^. is the usual canonical Hamiltonian associated with the Lagrangian L for the system 

Hciqi,p')^p%-L{qi,qi). {A.2) 
Upon canonical quantization, eq. (A.l) leads to the path integral for the generating functional [13] 

//•oo 
DqiDp'expi dt{p'qi-Hc) {A.3) 
J —oo 

where qi{t) (^out, ?in) as i ^ ±oo. 

When first class constraints (t>a{qi,P^) are present, Faddeev [2] showed that the measure in eq. 
(A.3) is supplemented by a factor of 

det {</>„, Xb} 5 (0„)5(Xa)- (^-4) 

where Xa is the gauge condition associated with 0^. This was done by performing a canonical 
transformation to explicitly eliminate those degrees of freedom that are not truly dynamical by 
virtue of the constraints that are present. Senjanovic [15] extended these considerations, showing 
that if second class constraints 9a are present, then the measure of eq. (A.3) receives a further 
supplement of 

detV2{^„,^,}5(^„) (^.5) 



in addition to that of eq. (A. 4). In many (but not all [19]) cases, this contribution to the measure 
coming from second class constraints is inconsequential. 

We adopt a different approach [16] to the path integral for systems in which there are first class 
constraints 0^. where the subscript "i" denotes the generation (i = 1, primary; i = 2, secondary; 
i = 3, tertiary; . . . N) of the constraint. The primary constraints 0a. arise from the failure to be 
able to solve 

for Qi in terms of Qi and p\ In this case, we define a "total Hamiltonian" Ht 

Ht^H, + K,K (A 7) 

where Xa^ are a set of Lagrange multipliers. The Lagrangian equations of motion are now equivalent 
to 

rlA 

^ = {A/^t} (A8a) 

0ai = (^.86) 

in place of eq. (A.l). This leads to the path integral in phase space 

/f'OO 
DqiDp' DXaj^expi / dt{p'qi - Ht). {A.9) 
J —oo 

However, the presence of first class constraints implies the existence of a gauge invariance in the 
total action St = J {p^Qi — Ht) and so the path integral in eq. (A.9) is ill defined. We adapt the FP 
[1] approach, which they used in conjunction with path integrals in configuration space, to factor 
out the integration over degrees of freedom that are gauge artifacts in the phase space path integral 
of eq. (A.9). This is done by first introducing a constant factor [16] 

1 = J Df^aM + G} - k)A (AlO) 

in eq. (A.9). In eq. (A. 10), Qi) fixes the gauge, G is the generator of the gauge transformation 
that leaves St invariant (found by using the HTZ method [20,21], as opposed to the C method [22, 
23]), k is independent of Qi, and A is a functional determinant (analogous to the FP determinant 
[1]) introduced to ensure the equality in eq. (A. 10). The form of G is 

N 

G^J2J2i^-iMQi,p'); (^-11) 

i=l ai 

we assume that the system is such that the HTZ equation [20] 

^0„, + {G, Ht} - 5K,<t>a, = (A.12) 



fixes /iai • • • /iaiv_i in terms of /la^ 
A furtlier insertion of tlie constant 



f Dkexp— f dtk'^ 
J 2« J_, 



{A.13) 



into eq. (A. 9) followed by a gauge transformation generated by (— G) leads to 

1 



< out in > 



Dqi Dp' DXa^Aexp i \ dt [ p'qi - Ht - —ip 



(A14) 



since the total action and A arc gauge invariant. The integral over ^aN^ which has been factored 
out, contains the divergence originally present in the path integral of eq. (A. 9). 

We now will follow the method outlined in refs. [24, 25, 26] to convert the integral in eq. (A. 14) 
to an integral in configuration space. If the rank of the n x n Hessian matrix 



dqidqj 



(A15) 



is r, then there are n — r primary constraints {qi,p') ■ If we denote the first r variable with a single 
prime (g^, p'*; i — 1 . . .r) and the remaining n—r variables with a double prime {q'/jp"; i — r+1 . . .n), 
then from eq. (A. 6) for i — 1 . . .r 



c^i = fM.(^Lp'vC^') (^ = l...r) 



and 



Kidi.P') = P'" - 9%, Q^,I^j) (i = r + 1 . . .n). 
By using eq. (A. 2), (A. 16) and (A. 17), eq. (A. 14) becomes 



(^.16) 
(^.17) 



< 



out|in >= J Dqi Dp' J DviS {vi - fi{qj,p'j, q'-)) A{qi, Vi, q-) 



I Ar {qi , Vi , q'i) 1 5 {(j)ai {qi,p'))expi / dt 



p"(qi - fi) + (p'" - m 

+L{qi, Vi, q'i) - -^^'^{qi, Vi, q-) 
la 

We now use the standard result 

dx5{f{x)) = dxY,5{x - ai)/\f{ai)\ {f{ai) = 0) 

i 

to write 

Dvi5(vi - fi(qj,p'p q'j)) = Dvi\Ar(qj, Vj, q'')\ 



(A18) 



(A19) 



(A.20) 



5{p' 



dL{qj,Vj,q] 
dvi 



Eq. (A. 20) serves to convert eq. (A. 18) to 

/POO 
DqiAr{{qi,qi)expi J dtL{qiqi) 



where 



A{q„Vi + q'„q'^) 



\Ar{qi,Vi + q-,q-)S 



(f>ai qi, 



dL{qj,Vj + q'j,q]) 



dvi 



9 Q: 



dL{qj,Vj + q'j,q] 
dvi 



exp 



: J dt (^L{qi, Vi + q'„ q'l) - L{qi, q'„ q'l) 
dL{qi,Vi + ql,q'iy 



{A.21) 



(A22) 



dvi 

provided we make the shift Vi ^ Vi + q' . 

We are considering how to handle systems (such as a scalar field on a curved background in 2D 
[27]) in which eq. (A. 12) does not fix /lai ■ ■ -A^ajv-i ™ terms of //a^- We have also yet to examine 
how a gauge generator found using the approach of ref. [22] can be used in conjunction with eq. 
(A.IO). 



